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QUADRATIC INTEGRALS OF THE EQUATIONS OF MOTION
OF A RIGID BODY IN A LIQUID

V.N. RUBANOVSKII

General integrable cases of the Kirchhoff-Clebsch equations /1, 2/, with
a fourth quadratic interval not explicitly dependent on time, are considered.
A proof is presented of Steklov's theorem /3/ that the four cases pointed
out by Clebsch /2/, Steklov /3/ and Lyapunov /4/ are the only ones for
which the equations of inertial motion of a body in a liquid admit of a
fourth quadratic integral. An analysis is presented of Lyapunov's statement
/4/ that his integrable case may be considered as a limiting case of
Steklov's, and Clebsch's third case as a limiting case of his second. It
is shown that the fourth integral of the Kirchhoff-Clebsch equations pointed
out by Kolosov /6/ does not lead to integrable cases other than those of
Steklov and Lyapunov,

In recent years, reports have been published concerning the "discovery"
of new integrable cases of the equations of motion of a charged body in
a magnetic field, which are isomorphic to the Kirchhoff-Clebsch equations;
this runs counter to Steklov's theorem. This prompted the auther to
undertake an analysis of Steklov's original account /3/, which entirely
vindicates the latter's theorem.

1. we consider the problem of the inertial motion of a free body bounded by ‘a simply-
connected surface, in a homogeneous, incompressible, ideal liquid, unbounded in all directions,
which is in irrotational motion and stationary at infinity.

The kinetic energy of the "body-plus-liquid" system is /2/

*Prikl.Matem.Mekhan.,52,3,402-414,1988
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1
T == (@428 + 2byZaly + C94Y)) (1.1

aiy = ay, biyy=10by, ¢;=cy

where ay, by, ¢;y are constants specific to the given system, #; and y; and the projections
on the axes of the second central Cartesian coordinate frame /3/ Ozzars rigidly attached to
the body, in which ¢;;=0 (i%4j)y x is the vector of momenta of the system (an impulsive force)
and y its vector of angular momenta about the central point O (an impulsive couple). Through-
out this paper repeated indices i, j indicate summation from 1 to 3.

The motion of the body in the liquid is described by the following equations /1-3/:

ax . oT dy ., or aT
dc =X 6—y’ T__—y/(‘ oy +XXW (1'2)

Three first integrals of these equations are known /1/:
x-x = const, x-y = const, T = const (1.3)

Since the theory of the last Jacobi multiplier is applicable to Egs.(l.1l), it is particu-
larly important to determine an additional, fourth integral, which is not explicitly time-
dependent and contains an arbitrary constant.

Five cases, originally discovered by Clebsch /2/, Steklov /3/ and Lyapunov /4/, are known
in which Egs.(1.2) admit of a fourth integral V = comst. In all cases a;; = by = ¢y = 0 (i 5% j).

In one of them the integral V is linear, V = yg; = const, if a;; = Gy, by = by, €33 = Cay
(Clebsch's first case). 1In all the others the fourth integral is quadratic, of the form
V =Y, (Ayz® 4 2Buziy; + Cuydd) (1.4)
In Clebsch's second case (T arbitrary):
Gy = a ~+ TCplyg (1 2 3), by = by = bgy = b (1.5)
Ay =ey (123), By = By = By =0, €= Cyy = Cygy =
In Clebsch's third case:
byy = bag = bgy = b, €3 = Cpp =Cg3 =¢ (1.6)
Ay = 55845, €y = —cayy (1 23), By = By = By =10
In Steklov's case (0 arbitrary):
by = b+ 0CyC33, @y = a + 0%y, (e — €30)* (1 2 3) (1.7
Ay = 02 (cgg — €39)%, By = —0c,; (123), Cpy=0Cp=
Cgs =1
Finally, in Lyapunov's case:
Gy =2+ (byy —b3s)* €1 (1 23), oy =cp=rc55=¢ (1.8)

Ay = by (bes + bag)®s By = cbyy (b + b3y), €y =
by (1 2 3)

Clebsch's second and third cases may be characterized by a single condition /2/:

G2 — a3 ___ @3 —@an __ 9u — agz (1.9)
(511 Coa €33

imposed on the coefficients of the form (1.1), and Steklov's and Lyapunov's cases by two con-
ditions /4/:

boe—bsy __ bas—bu __ bu-—be

(1.10y

‘n Coz €33

(baz — bgs)? (bgs — bu1)? (b1 — bgo)?
Ay — T G o =@y T m

Steklov /2/ posed the problem of finding all cases in which Egs.(l.2) admit of a fourth
general integral which is an entire homogeneous function.of the variables y, y; of degree n.
He solved the problem for n=1 and n =2, For n =1 the only possibility is Clebsch's first
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case. Here the body has the property that its shape is invariant under rotation through %oV
about the z; axis. In particular, 1if by = by = byy = 0 this case degenerates into that
considered by Kirchhoff /1/, corresponding to a solid of revelution.

For n = 2 Steklov showed (/3/, Chap. IV, p.107, and correction to Chap. IV, pp. IX-X
that there are no cases other than (1.5)-(1.8). We shall refer to this assertion as Steklov's
Theorem.

2. wWe now present an extended proof of Steklov's Theorem. Let us assume that the fourth
quadratic homogeneous integral V of equations (1.2) has the structure of (1.1}, with T re-~
placed by V. and ayy, by, ¢;; by Ayy Bij, Cy, where Ay =4, €;;=C;. Express T and V  as

T=1,.+7,+ 7T, V=V,-+ Vig + Viy

where the first, second and third terms on the right denote the parts of T and V depending,
respectively, only on 2 only on y; and on both xy, ¥y (i =1, 2, 3).

Let us evaluate the derivative with respect to time V' =W of V along trajectories of
(1.2), expressing it as

W = W.x:xx + W.\xy + WX%’U =+ Wyyy

where the terms on the right denote the parts of W in which the variables a3, ¥; occur in the
respective combinations gy, %Yk, Ti¥i¥e, ¥i¥ile {i, j,k=1,2,3). The requirement that W

vanish identically as a function of x;,¥y; implies the following four identities:
; oT IV oT oV
J—— xy xx xx Xy ) o
Woge==x ( ay Tox + o X 3y )_0 @1
a7 av a7 v ar av
— ¥¥ . XX 1 xy XY XY . XY
Wmv X ( gy " ex U ay X Ix + x oy + 2.2
e D)y (T M) g
ax oy v dy 8y
oT av or av
—x . Yy xy xy vy .
y (arw o Py N Ty V) _g
ay ay ay ey ;T
ar gv. N
— o VY e
va._y-( Gy~ < ay” —y 2.9

Since the functions T and V appear symmetrically in (2.1)-(2.4), we have the following

Lemma. If Egs.{1.2) admit of a quadratic homogeneous first integral V = const, not
explicitly dependent on time, then Egs.(l1.2) with 7 replaced by V admits of the integral
7 = const.

Hence it follows that if one knows some general integrable case of Eqg.{1.2) with a fourth
quadratic homogeneous integral V, then one can immediately indicate another general integrable
case, by simply interchanging the roles of T and V. In this sense the general integrable
cases of Egs.(l.2) with fourth quadratic homogeneous integral pair off. Examples of such
pairs are Clebsch's second and third cases, Steklov's and Lyapunov's cases. For each such
pair of integrable cases, the sets of four first integrals necessary to reduce the problem to
quadratures consist of the same integrals. Hence, given such a pair of general solutions of
Egs.{1.2), the motions of the representative points in 2;, ¥; space take place on the same two-
dimensional integral manifcld, but the corresponding motions of the representative points
defined by Egs. (l1.2) with the same initial conditions are different.

Consider the identity (2.4). It may be reduced to the relationships
2 (e — o) Cyy =0 2.5)
dzd
(a3 =~ c)Cas = 0, (e — 22)Cos =0 (1 2 3) (2.63

Egs. (2.6) can be replaced by a single equation:

(Co® -+ Cy® - O 8, =0, A= EI (a3 ~— ;)3 (2.7)
(123
Indeed, adding the relationships in {2.6), we obtain (s — €3)Cas=0 {1 23); squaring this

relationship, as well as (2.6), and summing term by term, we obtain (2.7).
From {(2.5) with A, 0 we obtain

Cy = C + Teyy (123) (2.8)

where C, T are undefined constants.
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Let us analyse Egs.{(2.5) and (2.7).
Let As=+0. Then it follows from (2.7) that Cyy=0(=j). Using (2.8), we obtain

Vg = YaCy® + 1Ty (8 = 02 + 2 + ¥3?) @9

This implies that we must analyse the following cases:

a) €C+0,t=0; b) C=0,t+0(x=1);

c) C=1=0; d) C+0,t+0(x=1).

In cases (b) and (d) we may assume that T1=1 - this is ensured by replacing the constants
¢i by el (i=1,2,3). Using (2.9) for these four cases, we obtain:

a) V=1,04% D) Vyy=Ty: C) Vy =20

d) V=1,C42 + Ty

Analysis of case (b) reduces to that of case (c). Indeed, since T is an integral of Egs.
(1.2), the determination of the required integral V may be reduced to that of an integral

U=V —T= U+ Uxx for which Uy, =0. Similar reasoning reduces the analysis of case (d) to
that of case (a).

We arrive at the following conclusion.
When A, 0 there are two distinct cases:
Case 1. Vy, =1,Cy? C5% 0, A, = 0.

Case 2. V, =0.

Now let A, = 0. Then we must consider
Case 3. Ty =Yey?, ¢5%0 (c = ¢ = ¢33 = cg9).

Next, identity (2.4) is certainly valid when T,, = 0. This leads to the following case,
which Steklov /3/ did not consider (since it is physically impossible in the context of a body
moving in a liquid and is therefore of purely mathematical interest):

Case 4. Tyy =0.
We shall analyse each case separately.

3. case 1. Consider identity (2.3). It splits into three identities, as follows:

V., ﬁqu
(¢33 — Ca2) Bui¥iays -+ Cao¥2 oz Cea¥aTag, +
(1z23)

aT
<y
C(ya_a—z; Y2

T ‘
Ta ) —0 (123)

and substitution of the expressions

av ar .
'ﬁ-:Bn!/n %anyi (123)
leads to the relationships
(€22 — €33)B1y + €358y — €39B35 + C (bgs — ) = 0 (123) @.1)
(cas — €11)B1a + €33Ba — Cbyy = 0 (123) (32
(€22 — €33)Byy — cg3By, + Cbp, =0 (123)
€13 Boy = Chyy, €338y, = Cby, (123) (3.3)

Substituting Cb,, and Cb,, from (3.3) into (3.2), we obtain the equations
(c11 — €35)(B1z + By) = 0, (35 — €29)(B1a -+ Byy) = 0 (123)
which yield

A, Z (B23+Baz)2=0

{123)
Hence it follows that
Byg + By =0 (123) (3.4)

Now subtract the first equality in (3.3) from the second; using (3.4), we then obtain the
equations

(e1 + c2a)Biy =0 (123)
which, on the assumption that
D, = (€11 + Ca2)(€as + Ca5)(cag + €11) 7 0 (3.5)
imply B, = Bag == B3; = 0, and in view of (3.4) and (3.2) we also find that



By == Byy = Byg == 0, by, = by =0 (123)
As a result, we have
Bag == Bgy =0, byg == bgy =0 (123) (3.6)
Vi = Buziy,, Ty = buziy,
Next, adding Egs. (3.1) together, we obtain

D (0 — Cag) By =0

(123)

whence it follows that

By = B+ peyy (123) (3.7)
where B, p are undefined constants.
In view of (3.7), we can write Egs.(3.1) as

pe1y (Cas — €33) = € (byy — byy) (123) (3.8)

Multiplying these equations by by, byg, b3z, respectively, and adding, we obtain

pK=0, K= E byy€1; (Cap — Cg3) (3.9)
(123)

Consequently, either a) K =0, or b) p=0.

Each of these cases must be considered separately.

a) Let ps%0, so K =0.

Since K =0,

by = b -+ 0cgegy (123) (3.10)
where b, o are undefined constants. Substituting the constants from (3.10) into Egs. (3.8),
we transform the latter into
(p + 0C)erylcan — c33) =0 (123)

Hence, as A.,s5=0, we obtain

p=—0C, o0#%0 (3.11)
Now consider identity (2.2). It splits into three identitieés, as follows:
oV av._ oT aT . o
eu o e = G ) 0 (1 G ) - 12
Laryw,=0 (123)

L= Z‘ (bay — byy) By,

(123)

and substitution of the expressions

av oT
a:: = Ay, '3_;%—_—‘11@:‘ (123)
gives the relationships
C(ag3 — ) — €11 (Agg — Agg) = L (1 23) (3.13)
Cayy = ¢y Ay, Cagyy = Cdyy, Caypy = 33415 (123) (3.14)

Combining Egs. (3.14), we obtain
(cr1—Cee)Are =0, (€33 —C33)412 =10, (c35 — )4, =0 (123)

and these in turn yield the relationship (4, + 4,4 + A5,%)A, = 0. Hence Ay = Agg = A4 =0,
and from (3.14) we also derive gy, = gy = a4, = 0
Thus,

A=Ay =45 =0, ¢, =233 =ay =0 (3.15)
Vxx = 1/2A112121 Txx = 1/2a'il'7:i2

Substituting the constants from (3.7) and (3.10) into (3.12) and using (3.11), we express

L as
L=—oiCM, M= (1%1) en® (€33 — C20) = (e — €21) (Cap — €35) (€33 — C11) (3.16)

Now add Egs.(3.13) together; in view of (3.16), this gives



> (€33 — Cg) (Agz + 30%Ceyy %) =0
129)

whence it follows that
Ay =A + o*Ceyy (p — 3eyy) (123)

where A, p  are undefined constants.
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(3.17)

Substituting the constants from (3.16) and (3.17) into Egs. (3.18), we transform the

latter into

Ggg — @33 — 0%y (Cae — Cag)l — 3 (03 + ¢53)] = 0?M  (123)
Finally, in view of (3.6) and (3.13), identity (2.1) vields

> [B11 (@35 — @gg) — byy (Agg — Aypy)] =10

123)
Using (3.7), (3.10) and {3.1l), we rewrite this relationship as
c €y (g — Ggg) - > CoaCap (Agp — Agg) =0
(123) (123)

Substituting (3.17) and the value of @y — 433 from (3.18) into this expression,
obtain

p 2 (€33 — €20) (€12® + C99Cq3) = 3 pY €903 (C3a® — Ca9”) — Me;; =10
(123) (123)

which, in view of the identities
2 CoyC33 (Cg3 — Cgp) = M, 2 Caala3 (Caa® — €7 == Mey;
{123) (123)

becomes {n — 2¢;;)M = 0.~ Hence we find
po= 2ey

(3.18)

(3.19)

we

(3.20)

(3.21)

Now multiply Egs.(3.18) by ¢, €y, €33, respectively, and add; in view of (3.16), this

givesg
py @ (Cgs —~ Cg3) -+ OF D et g — €5 2 e =0
(z23) 128 (123}
or, via the second identity of (3.20),
D) 4y (Cag— €5)) + 0% D) eheay {0y — pp?) =0
{123} {128)
Using the identity

Coplyy = P — ¢4y (can + C35)y P = 041655 -} Co9Cy5 + 3561,

we reduce this egquality to the form
(1%) {C55 — Ca9) [81y — 036y (€3, + €3,Y)] = 0

Hence

4y = @ + 0%y (® + €350 + 16, (123)

(3.22)

where a,T are undefined constants. Substitution of the constants (3.22) into Egs.(3.18)

transforms the latter into
(Cos —cag)t =0 (123)

Hence T == 0.

Summarizing, we have the following expressions for the coefficients of the functions T

and V:

@33 = a + 0%, (62° + €35%), by = b+ Oegty; (123)

Ay = A + 0%Ceyy (Zegg + 2033 — cy)y By = B — oCeyy,
Chh=C%0 (123)

a,, B bij = Cjj =0, AU = BU = CU == 0 (l=#j = 1, 2, 3)

where 4, B,C  are arbitrary constants and &, 0, ¢y, €y, C3g are parameters such  that

the
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quadratic form (l.l) is positive definite. The integral V has the form
Ve="140.2 + Bz.y — CVg

where

=
o 2, . 2y - N
V=== 3 10%q (05y — 2epy — 2e35) 11% + 20¢y,20, — ]

(123)

is the integral corresponding to Steklov's case /3/.
b) Now let p =0 in (3.9). 1In that case the equalities (3.6) remain valid, while (3.6) ,
(3.8) and (3.12) yield

Bll = B22 = Bsa = B, bu = b22 = b33 =b, L=0 (3-23)

Proceeding as before, we find that (3.14) again implies (3.15), while (3.13) with L =0
gives (1.9); hence

A = @ - Teytyy (123) (3.24)

where 4,7 are undefined constants. Substitution of the constants (3.24) into Egs.(3.13)
with L =0  transforms them into

CT(css — 33) = Agy — Ay (123) (3.25)

Multiplying these equations by Cy1y Cogy C3z, Yespectively, and adding, we obtain the
equality

> (€~ c35) A); =0

(123}

whence it follows that

Ay =A+pe, (123) (3.26)
where A, p are undefined constants. Substituting the constants from (3.25) into Egs. (3.26),
we obtain

(€ 4 u)eas — €35) =0 (123)
and hence p = —C(Cr.
Finally, substitution of (3.23) into (3.19) yields an identity.
Summarizing, we have the following expressions for the coefficients of T and V:

an= @ -+ Tpcyy, by =0b (123)
Ay =4 —Creyy, By=8, €;,=C+%*0 (123)
aij—;bij=cij=0, Aij=Bij=Cij=O(i1j=11 2, 3,17‘5]')

where A, B, C are arbitrary constants and 4, b, T, ¢y, €y, C33 are parameters such that the
quadratic form (l.1) is positive definite. The integral V has the form

V =1Y4Az-2 4+ Bz-y — CVq,
where
1 '
V02=72 (o2 —y,%)
{123)

is the ‘integral corresponding to Clebsch's second case.
Thus, analysis of Case 1 yields the integrable cases of Steklov and Clebsch (second case).

4. case 2. 1In this case the identity (2.3) splits into three identities, as follows:

Cao¥s (Baryy + Baalhs + Byals) — ¢339 (Buy + Bagys +
Basys) + Biy (cas — Can)yays + Bra (611 — asyayy +
Bis (cos — e1)phys = 0 (123)

which yield

C2aBs3 — €3383 + Byy (633 — €33) =0 (123) (41
Biy (611 — €a3) = Buss, Big (g — €35) = Bgicys (123) (4.2)
CoaB3s = 0, 33833 =0 (123)

From (4.2) we obtain

Byy = By, =0 (123) 4.3
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Let us treat Egs.(4.l) as homogeneous linear equations in By, By, Bgy, keeping ey, ¢y,
¢33 fixed. Not all the latter vanish, since A, 0. Hence it follows that the determinant
Ap of the system must vanish, This gives

Ap = (By; — Byp)(By — Bss)(Bss — By) =0

whence, using (4.1), we obtain
Byy = By, = By; = R (4.4)
Now consider identity (2.2). It splits into three:
o [2doiz; — Zd gzl =0 (123)
and hence
€11 (Ao — Agg) = 0, edy; =0, ey A5 = 0, cydy; =0 (123)

from which we obtain

Ay =Ap=Azy=A4, d)y = Ay =45 =0 (4-9)

Identity (2.1) follows automatically from (4.4) and (4.5).

In Case 2, therefore, the integral V = Y,4z.z -+ Br-y is a linear combination of the first
two integrals in (1.3).

5. Case 3. Since y® 4y, 4 pg? is independent of the direction of the axes  Oz,x,x,,
we can orient the latter so that V,, =1,0,y,2. It may also be assumed that
Ag = (Cu - sz)z -+ (sz — C3a)® + (033“(:11)2 #=0 (5-1)

since otherwise Case 3 reduces to Case 2.

Next, we translate the origin to a point @' for which the coefficients of the bilinear
form V., satisfy the equalities By = Bj; (i,j =1, 2, 3), though it may not be true that
by = by- There in fact exists a unigue such point, provided (/5/, p.280) that

Do = (Ci; + Cox)(Caz + C35)(Cy5 + Cy) 7= 0 (5.2)

Note that condition (5.2) is not essential, and it may be avoided as follows. Instead
of Vv, we look for an integral [ =V + AT = Uy + Uyy + Uy, where A is an undefined constant.
Orient the coordinate axes 035132-’53 so that va = 1/2({,‘“-{- kc)ygz, and then translate the origin
to a point of the body & such that the coefficients of the bilinear form Uy are
symmetric. When this is done, the constant A may be so chosen that

D (A) = (Cyy + Cop 1 2he)(Cyy + Cy3 + 20e)(Cag + Cyy + 2he) = 0

In this coordinate frame, the analysis of Case 3 is identical word for word with that of
Case 1, provided one interchanges the roles of T and V or, what is the same replaces @, by,
¢;; by Ay By, Ci;, and vice versa. By ocur lemma, one then obtains Lyapunov's case instead
of Steklov's, and Clebsch's third case instead of his second.

Summarizing, we conclude that Steklov's Theorem /3/ is rigorously true, so that the
results of /8~10/, which contradict it, must be in error.

6. Case 4. We present the result of the analysis in this case in a coordinate frame
relative to which we have @ = 0,b;; =by (1,7 =1,2,3; is=j) in (1.1).
If T = Y,(a;z;® + 2b;zy¥;),  Egs. (1.2) admit of a fourth integral

V = byz,® 4 boxy® -+ byzs® = const 6.1)

This case is of some interest from the mathematical viewpoint, as an example of integration
of the Kirchhoff-Clebsch equations in elliptic functions of time using the apparatus of screw
calculus /11/.

Indeed, in this case Egs.(l.2) can be considered in the following form, where & is the
Clifford multiplier:

8 =(D; — D))8,8, (123) 6.2)
Si=ux +ey, Dy=05+¢ea, (123), st=0
Egs. (6.2) admit of first integrals
S 82+ 83 =G6G% DS+ DyS,* 4+ DyS2=H (6.3)
where G and H are arbitrary dual constants. Separating the principal and instantaneous parts
of (6.3) /11/, we obtain the four first integrals (1.3) and {6.1).
Egs.{6.2) and integrals (6.3) are identical in form with the equations and integrals in
the problem of the motion of a body with one fixed point in the Euler case. There exists a
general solution of this problem in elliptic functions of time (/3/, pp.56, 57). Replacing

the real variables and constants in this solution by their dual analogues, we obtain the general
solution of Egs.(6.2), whence, by separating the principal and instantaneous parts, we obtain
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the general solution of Egs.(l.2) in elliptic functions of time /7/.

7. According to a well-known remark of Lyapunov /4/, his integrable case of Eqgs.{l.2;
may be regarded as a limiting case of Steklov's case, and Clebsch's third case as a limiting
case of Clebsch's second case.

Let us examine this question. Let Is, I be the kinetic energy of the "body-plus-liquid®
system in the Steklov and Lyapunov cases, and Vg, L  the corresponding fourth integrals of
Egs.(1.2).

Let

1
Tg== ‘2“2 leyys® + 20epe5715; + 0%, (6 + €)1y
123}
1
Ve==— Z [9:* — 206,23y, + 0% (e — €)% 7,%]

(123)

where e, €, €3, 0 are fixed constants. Then, by our lemma, we have I = ¥g Vp = Tg.
Consider the one-parameter families of functions

T3 =2aTs + (1 — T =Yy le, Q) + 26 My, + 7.1
a; (A)z;°]

V)= —AVs + (1 — 1)V,

e (W) =he, + 1 — 4, by (A) = o [hese, — (1 — A)ey] (123) (7.2)

a; (M) = o® [hey (82 + €5%) + (1 — M)e, — €5)% (123)

dependent on a parameter A, 0<{A <1

Egs.(1.2) with T =T (A) admit of a fourth independent integral V = V (A). Therefore,
expressions (7.l) determine a family of integrable cases of Egs.(1.2), which includes Steklov's
case A =1 and Lyapunov's case A=20.

We assert that if A=z (0 one has Steklov's case.

Indeed, the first formula of (7.2), with As50 implies

g o= {6, -4 — 1A (123) (7.3)

Substuting these constants into the other two formulae of (7.2), we cbtain the relation-
ships
by = b - ol ey, @y = a 4 0% 7% (o? + 6,2) (123) (7.4)
b=0A — DA e, + e+ ey +2 (A —1)]
a =20 (b — DA leie, + ce5 + 50, + (A —1)(cy + & +eg) +
(*— 1)
connecting the coefficients of the kinetic energy of the system, defining Steklov's case.
Multiply both sides of (7.3) by A and let A—>(0; then ¢ (A)—1 as A—0( =1,2, 3)
Letting A-»0 in (7.4) we obtain an indeterminate expression of the type oo-0 for b; (L),
a; (A) . To resolve these indeterminacies, we let A —0 in the first of formulae (7.1). The
result is

Em b (M) = —oe, lima (&) =0%{e, —¢;)® (123), -0

These limits, coupled with the equalities ¢ = ¢ = ¢; = 1, define Lyapunov's case.

Thus, the families (7.l1) constitute a continuous one-parameter family of integrable
Steklov cases for which Lyapunov's case appears as a limit as A — O,

Now consider Clebsch's second and third cases. Let T, T, be the kinetic energy of the
system in these cases and V,;, V3 the corresponding fourth integrals of Egs.(1.2). Let

1 ,
Ty= —2"2 (ess® + vesesny?), Vo==1/, (4 — vez%)
{123)

where e, e, €3, T are fixed constants. By the lemma, Ty=V, Vy= T,
Consider the families of functions

T Q) =27, + (1 — )Ty =Yy ley Wy, + a; M)z:?] (7.5
V(R) = —AV, + (1 — W)V,
e () =he, + 1 — 4, ay (M) = 1 [hegey, — (1 — Rey] (123) (7.6)

which depend on the parameter A, 0 <A <1
Egs.(1.2) with 7 = TI'(A) admit of a fourth independent integral V = V (A). cConsequently,
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expressions (7.5) determine a one-parameter family of integrable cases of Egs.(l.2), which
includes Clebsch's second case (A = 1) and third case () = 0).

We assert that if A s£ 0, one has Clebsch's second case.

Indeed, if A0, it follows from (7.6) that

Aey=¢; +A—1 (123) (7.7)
a;=a+ ey (123), a=1(} — DA e, + ¢+ o5 + (7.8)
2 (0 — 1)

Conditions (7.8), imposed on the coefficients of the kinetic energy of the system, define
Clebsch's second case. Expressions (7.5) imply the limit relations (A —0) lime¢, (A) =1, lim
a; (A\) = —7te; (123), which define Clebsch's third case.

Thus, the families (7.5) constitute a family of Clebsch's second cases, yielding
Clebsch's third case as a limit as A — 0.

8. Kolosov /6/, investigating the motion of a body in a liquid in the case
T =1, (az;® + 2biziy; + cy®)

with constants a;, b;, ¢; (i =1, 2,3) satisfying the conditions

cilea—cn) _ celea—c1) _ esler—en) A)
bs—b:  bi—bs  ba—b
(b2 — bg)? (bg — b1)? (b1 — bs)?
4= c1 =0 Ca :aa_‘“‘T B)

pointed out the existence of a fourth independent integral of equations (1.2) in the form

V= (bg — by) <y1_ b3 — by 9?1>2+ (bac—lbﬂ (yz— by — b1 x2)2 8.1)

Co (51 (2]

and showed that Steklov's and Lyapunov's cases are special cases of conditions (&) and (B),
in which the fourth integrals may be represented in terms of the integrals (1.3) in the form
(8.1).

It can be shown that the relationships (A) and (B) impose four conditions on the nine
constants a;, b;, ¢;, so that the five of these constants occurring in (8.1) may be regarded
as arbitrary parameters, whereas the number of such parameters in Steklov's and Lyapunov's
fourth integrals is four. It might be supposed, therefore, that conditions (A) and (B),
together with (8.1), define a more general integrable case, including both Steklov's and
Lyapunov's as special cases.

We shall show that conditions (A) and (B) are equivalent to Lyapunov's conditions (1.10)
and do not produce any integrable cases other than those of Steklov and Lyapunov; formula
(8.1) is simply another notation for the fourth integral in these two cases.

In fact, condition (A) yields two relationships, obtained by equating the first two and

last two terms in (A). Each of these yields the same relationship, which is identical with
the first of conditions (1.10). Therefore conditions (A) and (B) are eguivalent to (1.10).
Consider conditions (1.10). Fixing ¢y, €3, €3, let us treat the quantities by, bg, by

in the first of conditions (1.10) as Cartesian coordinates of some point. There are two
possibilities: A,#%£0 and A,= 0.

In the first case the locus of all points satisfying the first condition in (1.10) is a
plane, whose equation in parametric form may be written as /3/

by =>b + ocyes (1 2 3) (8.2)
where b, 0 are undefined constants. Then, using (8.2), we bring conditions (B) to the form
e, = a + 6% (e, — ¢5)° (8.3)

where a is arbitrary. Equalities (8.2) and (8.3) define Steklov's case.
In the second case we have ¢ = ¢; = ¢3 = ¢. The first of conditions (1.10) is automatically
satisfied, while the second yields the relationships defining Lyapunov's case.
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THE INSTABILITY OF THE EQUILIBRIUM OF AN INHOMOGENEOUS FLUID IN CASES
WHEN THE POTENTIAL ENERGY IS NOT MINIMAL

V.A. VLADIMIROV

The possibility of extending the methods of proof of instability /1-3/ to
the hydrodynamics of an ideal incompressible density-inhomogeneocus
(stratified) fluid is explored. As distinct from the general statement
/3/, the rigid walls of the vessel containing the fluid are assumed to be
fixed, so that the purely hydrodynamic part of the problem is isolated.
Examples of a two-layer (with and without surface tension) and of a con-
tinucusly stratified fluid are studied. The main result is to find
Lyapunov functionals W which in all cases are increasing, by virtue of the
linearized equations of motion of the fluid. The structure of these func-
tionals is such that their growth implies instability in the sense of an
increase of the integrals of the disturbance-squared of the hydrodynamic
fields (instability in the linear approximation in the mean square). The
form of the functicnals W is determined by the Hamiltonian statement of
the theorem on the instability of finite-dimensional mechanical systems
/2/ and by the usual ways of introducing the canonical variables into
the hydrodynamic problem /4, 5/. In view of the well-known equivalence
of stratification and rotation effects /6, 7/, all the present results
hold for two classes of rotating flows of homogeneous fluid. Lyapunov's
and Chetayev's theorems (the converse of Lagrange's theorems) are well-
known in analytical mechanics; they consist in proving the instability
of the equilibrium position of a mechanical system when its potential
energy has a maximum or a saddle point /1, 2/. The extension of these
theorems to systems that contain rigid bodies and fluid is described in
/3/ (Theorem III, p.178).

1. Basic equations. We consider the three-dimensional motions of an ideal incompressible
fluid which entirely fills the domain t with boundary dr. In Cartesian coordinates ay,Z,, I;
the equations of motion and the boundary conditicns are

pDuy=— 22 4 p 2% pp—o (1.1)
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